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Abstract

A new approach is developed for the specification of the plotting positions used in the frequency analysis of extreme flows, rain-
falls or similar data. The approach is based on the concept of maximum likelihood estimation and it is applied here to provide
plotting positions for a range of problems which concern non-standard versions of annual-maximum data. This range covers the
inclusion of incomplete years of data and also the treatment of cases involving regional maxima, where the number of sites con-
sidered varies from year to year. These problems, together with a not-to-be-recommended approach to using historical infor-
mation, can be treated as special cases of a non-standard situation in which observations arise from different statistical

distributions which vary in a simple, known, way.

Introduction

The uses of plotting positions in the context of frequency
analysis of annual maximum flow and rainfall data are
well-known: see, for example, NERC (1975, Section 1.3)
and Stedinger ez al. (1993, Section 18.3). In the standard
situation, where the assumption of statistically indepen-
dent and identically distributed observations can be made,
plotting positions can be used in four ways:

(a) informal, graphical estimation of a distribution func-
tion;

(b) formal fitting of a parametric distribution function;

(c) informal assessment of how well a fitted distribution
matches the data;

(d) formal testing of the fit of a given parametric family of
distributions.

The assumptions involved in the standard situation are
plausible enough to cover a wide range of applications of
plotting positions in hydrology. However, there are a num-
ber of potential applications for which the assumptions are
no longer plausible, but for which it would be nice to be
able to derive the equivalents of plotting positions which
would then be potentially available for the above uses.
This paper develops a way of calculating plotting posi-
tions which are appropriate for situations in which the
observations, while still independent, are no longer identi-
cally distributed. Such non-standard situations arise in a
number a practical problems and two simple examples are
outlined in the next paragraphs: discussion of these exam-
ple is continued later. It will be obvious that, for a

plotting-position procedure to be meaningful for non-
identically distributed observations, the assumptions
adopted must be such as to provide both a strong connec-

, tion between the distributions of individual observations

and a clear definition of the specific distribution to which
the plotting positions are to relate and, of course, they
must be realistic for the situation being modelled.

EXAMPLES OF NON-STANDARD SITUATIONS

Consider the analysis of annual maximum floods or rain-
falls in a case where records for some years are incomplete.
A standard approach is to discard the records for such
years unless data are available for ‘most’ of the year. In the
latter case, the incompleteness of the year is effectively
ignored: the maximum value found in the available record
for that year is treated exactly as if the record were com-
plete. It may be possible to argue that the maximum value
observed in the available portion of an incomplete year of
record has distribution function F*, where F is the distri-
bution function for maxima in complete years and where s
is the fraction of the year covered by the record. One could
argue for this on two bases. Firstly, one could say that,
since the distribution functions of maxima over 1, 2, 3,
...yearsare F, F2, F3 .. . the distribution for fractional-
record years should be of the same form. Secondly, one
could start from a ‘peaks-over-threshold’ approach to
deriving the distribution of annual maxima, which yields
the form F* for fractional years if the assumption of non-
seasonality is made. It also yields the same form, with a
version of s based on relative rates of occurrence of events,
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if seasonality is allowed in the event-occurrence process
but not for the event-sizes.

Thus, in the case of annual maxima for possibly incom-
plete years, an appropriate model might be to say that a
given observation arises from distribution function F,
where s is a known value measuring completeness of the
data-record for the given year and where s = 1 for a com-
plete year. The problem is to assign to the observations a
set of plotting positions appropriate to the underlying dis-
tribution function, F, which in this case is the distribution
of annual maxima for complete years. A similar form of
model is also appropriate for the problem of treating
regional-maxima. Here an annual observation would be the
largest daily or instantaneous value observed at any site in
a region. Since the number of sites within a region varies
from year to year, the observations are not identically dis-
tributed but, on the basis of empirical studies reported else-
where (Dales and Reed, 1989), the distribution function of
a regional-maximum can be related to the distribution
function of annual maxima at a single site via a power-
relationship. In this case, the power, s, would be a value
depending on the number and density of the sites available,
with s = 1 for a single-site region so that the underlying
distribution being estimated by the procedures here would
be the distribution of single-site annual maxima.

PrLoTTING POSITIONS

The chapter by Stedinger et a/. (1993) provides a detailed
review of the frequency analysis of extreme events for
hydrological applications and, since this includes coverage
of work on plotting positions, there seems little point in
duplicating this effort here. For practical application in
standard situations, no improvements have been found
over the simple plotting position formulae recommended
by Cunnane (1978).

For present purposes, the question of defining plotting
positions will be taken to mean providing, for each x(r) in
a set of ranked observations {x(¢); i = 1, ..., N}, a value
b» which estimates the value of the ‘underlying’ distribu-
tion function F at x(r). That is,

pr = Flx(n)}. (1)

This interpretation is one of the usual interpretations given
to plotting positions. The alternative interpretation, not used
in the derivations here, is that used to define ‘unbiased’ plot-
ting positions: this requires that p, should be the value of F
evaluated at the mean or median value of x(r) evaluated over
the distribution of possible outcomes. This approach is dif-
ficult in the present, non-standard, case both because of the
non-identically distributed observations and because it
would be necessary to decide whether or not to work with
distributions conditioned on the pattern found in the
ordered list {x(:)} for the different original distributions. In
contrast, the approach via Eqn. (1) is straightforward.
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In the standard situation, a plotting position formula of
the general form

pr=(r—a)/(N + 1 - 2a), 2)

is often used (Cunnane, 1978), where 4 is a constant deter-
mining which one of a variety of specific plotting position
formulae is actually used. Values of 4 in the range 0.375 to
0.50 are usually recommended and individual countries or
organisations typically have specific favoured values. For
example, Cunnane (1978) suggests using the Gringorten
plotting positions, which result from choosing 4 = 0.44, if
the EV1 distribution is likely to be appropriate, and sug-
gests @ = 0.40 as a simple, general purpose choice. Note
that, in a recent review from a statistical viewpoint
(Hyndman and Fan, 1996), the value @ = % is suggested.
The plotting positions derived in this paper for the non-
standard case can not be expressed in a simple explicit
formula similar to Eqn. (2), but instead require the itera-
tive solution to a simple non-linear equation.

Even in the standard case, there are no straightforward
theoretically-based procedures for deriving plotting posi-
tions. Theoretical analysis via the unbiased plotting posi-
tion approach indicates that the ‘best’ plotting positions
depend upon the form of the common or underlying dis-
tribution function F. Such results are thus of little use in
deriving plotting positions when, as is usual, the form of
the distribution function is unknown and, indeed, is the
subject of the investigations in which they are to be used.
Guo (1990a) discusses plotting positions specifically tar-
geted at the General Extreme Value distribution, and con-
cludes that the best results are obtained with the simple,
non-distribution-specific, formula in Eqn. (2).

For the non-standard case dealt with here, an approach
based on maximum-likelihood theory has been adopted.
While this theory is straightforward in itself, it does not
provide a direct route to an estimate of the required quan-
tity, as expressed by Eqn. (1): rather, a somewhat arbitrary
modification of the approach has to be made involving the
weighting of estimates of F just below and just above each
observation. It turns out that weights can be chosen in
such a way as to yield identical results to Eqn. (2) when
the approach is applied in the standard case. In the absence
of alternative suggestions, it seems reasonable to adopt the
same type of weights in deriving plotting positions for the
non-standard situation on the basis that the overall proce-
dure will then produce the accepted plotting positions
when applied in the standard situation. The new proce-
dure, while not yielding a simple expression directly com-
parable to Eqn. (2), retains the desirable feature that no
assumption is needed about the form of the underlying
distribution.

One interpretation of the procedure being suggested is
that ‘maximum-likelihood’ is used to guide the combina-
tion of the information provided by the original,
unordered, observations which arise from different-but-
related distributions, while the use of weights is a minor
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but important feature which allows the usual plotting posi-
tions to be recovered in the standard situation. It should
be recalled that the ‘good” properties of the standard plot-
ting position formulae in Eqn. (2) are very often assessed
in a context which emphasises the ‘unbiased’ approach to
interpreting plotting positions. This is not necessarily a
contradiction to the discussion above: any seemingly neg-
ative comments about requirements of unbiasedness for
plotting positions relate only to their usefulness in deriv-
ing ways of calculating plotting positions for non-standard
situations, not to assessing how they perform.

Model Formulation
ASSUMPTIONS

It is convenient to begin by outlining the statistical model
being used. Some practical situations in which such a
model may be appropriate have already been described,
and some further discussion is given later. Note that this
model is only one special case of a class of models for non-
identically distributed observations. Let {X;; i =1, .. .,
N} denote statistically independent random variables cor-
responding to a set of observations {x;}, and let the obser-
vations be complemented by a set of known values or
covariates {s;}, so that the observed data set actually con-
sists of the set of pairs:

D={x,',s,';i=l,...,N}.

The random variables {X;} are assumed to be related to a
common underlying distribution function F in the follow-
ing way: the random variable X = X; with covariate s =
s;, has distribution function F* (ie. the s’th power of F). In
the applications here, the covariates used are proportional
to an underlying notional sample size attributable to each
observation, so that covariate s; refers to a ‘size’ or ‘size
parameter’ associated with observation ;. The distribution
function F is unknown, but the assumption is made that it
has no discrete components. This means that, under the
assumptions of the model, ties have zero probability. For
practical purposes any ties in the x-values may be broken
arbitrarily: however, the results for plotting positions
would depend on how this is done, unless the size para-
meters are also identical. Suppose that the data-set of
pairs, D, is rearranged so that the observations {x;} are in
increasing order, giving the ordered data-set:

D, = {x(),s);i=1,...,N}

The aim of the procedure is to use the ordered data set D,
to calculate a set of values {p;} such that p, estimates F,
evaluated at x(r). Thus the distribution being estimated
corresponds  directly to the value of the size parameter
s = 1. A case in which all the size parameters are unity is
the same as the standard situation of identically distributed
observations. The discussion at the end of this section
indicates a situation in which an alternative to the assump-

tion that an observation has distribution function F* arises
in a natural way: still other forms of relationships between
the distributions of observations are possible.

Application 1: Annual Maxima with Incomplete Records

The arguments presented in the initial description of
this problem suggest that the proposed method should
be useful in taking account of incomplete years of record
in frequency analyses of annual maxima. However, cau-
tion is needed because reliance is being placed on
assumptions or arguments of the type outlined, which
are not required for ordinary annual-maxima analyses.
Particular caution would be needed in the presence of
strong seasonality.

By considering this type of example application, it is
possible to gain an idea of the effects on the plotting posi-
tions that might arise from certain extreme patterns of the
sizes {s;}. In the present application, the sizes are simply
the fractions of a year of record available for each annual
maxima. Suppose that out of the total of N years, N, have
complete data, while the remaining years have records for
very small fractions of the year. Suppose that the pattern
of observations is such that the incomplete-record years
provide the highest observations overall: then one might
expect the assigned plotting positions to be rather similar
to those that would be derived for N complete years. In
contrast, if the incomplete-record years provide the lowest
observations overall, the plotting positions assigned to the
N, complete-record years should be close to those that
would have been assigned if only the complete-record
years had been available. While the approach to calculat-
ing plotting positions suggested here does not lead to
explicit formulae, the approximations presented in the
Appendix tend to verify these speculations.

Application 2: Regional Maxima

The second application suggested in the introduction was
that concerned with regional maxima. In this case the basic
data available consist of a set of values {z;}, where z;
denotes the annual maximum rainfall at site j in year 7.
Here ; denotes the site-number in the full network of sites,
but not all sites are available for every year: let C; denote
the set of sites available for year i. It is assumed that the
values {z;;} have been standardised to remove site-depen-
dent scale effects. Suppose that a new data-set, {,}, is
constructed, consisting of the yearly network-maxima
defined by

x; = max{z;; j € C}.

In practical cases, there is statistical dependence between
the annual maxima for different sites within the same year.
However, a model developed by Dales and Reed (1989)
suggests that the effect of this dependence can be allowed
for by calculating a size parameter, s;, for each year which
provides a measure of the effective number of independent
sites in that year. The values s; depend upon the number
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