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Abstract

An electrical circuit analogue of a river catchment is described from which is derived an hydrological model of river flow called
the River Electrical Water Analogue Research and Development (REWARD) model. The model is based upon an analytic solu-
tion to the equation governing the flow of electricity in an inductance-capacitance-resistance (LCR) circuit. An interpretation of
L, C and R in terms of catchment parameters and physical processes is proposed, and tested for the River Irwell catchment in
northwest England. Hydrograph characteristics evaluated using the model are compared with observed hydrographs, confirming
that the modelling approach does provide a reliable framework within which to investigate the impact of variations in model

input data.

Introduction

Many successful flood forecasting schemes are based on
stochastic approaches which sometimes neglect available
information about the physical characteristics of river
basins. Deterministic modelling, however, is still not being
reliably implemented. In either approach knowledge of
basin morphology is difficult to include in operational
schemes without significantly increasing the need for addi-
tional physical information and calibration.

It is clear that deterministic approaches to flow fore-
casting can benefit from detailed topographic descriptions
of river basins such as Digital Elevation Models (DEM),
and from spatially detailed real-time measurements of
rainfall as provided by weather radar systems. However,
use of these data can be daunting, and some research has
adopted simplifying assumptions to reduce the data
requirements. For example, Beven and Kirby (1979) intro-
duced the concept of variable saturated areas using a topo-
graphic wetness index to define the surface saturated area
dynamically. Nevertheless, these conceptual models still
require the use of extensive records of historic events to
obtain an adequate calibration (Hornberger ez al., 1985),
and problems still remain in using multi-parameter opti-
misation or Monte Carlo simulation methods (see for
example Freer et al, 1996).

Garrote and Bras (1995) and others have recognised that
if physically meaningful parameters are chosen in model
formulation, then calibration requirements may be
reduced. Likewise, Refsgaard (1997) emphasised the
importance of a rigorous and purposeful parameterisation
in order to get as few model parameters as possible. Beven
(1996) goes further suggesting that the future development
of distributed models lies more in developing sub-grid
scale parametrisations based directly on large scale mea-
surements rather than on the improvements of the aggre-
gation of small scale theory and parameter values. This
suggests that the minimal model to describe the distrib-
uted response of a river basin would be simpler than
today’s distributed models.

The approach to modelling described in this paper is
consistent with this view point in that processes are para-
metrised and linked via a larger scale physical system. In
the work to be described the physical system represents
the whole basin, and therefore the model adopts a lumped
approach, although implementation for individual grid
squares can be envisaged.

The aim of the work has been to investigate the possi-
bility of representing the whole of a river basin as an elec-
trical circuit analogue and hence to develop a truly
analytical solution to modelling river flow. The extent to
which this is achieved will be discussed.
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Conceptualisation of a river
catchment as an electrical circuit

The identification of the analogue between water and elec-
tricity is not new. The representation of the flow of water
in pipes in terms of an electrical circuit has been described
many years ago (see for example Webber, 1971). So to has
the analogy between Ohms Law and Darcy’s Law for
describing the movement of groundwater found a place in
standard hydrological textbooks (see for example Shaw,
1994). This analogy has also been used to model crop
energy partition and the interaction of the lowest layers of
the atmosphere and vegetation with the substrate, usually
the soil (see Shuttleworth and Wallace, 1985; Shuttleworth
and Gurney, 1990). However, attempts to use this
approach to represent river flow do not appear to have
been described.

This may be due to the difficulty of associating basin
processes with the parameters and responses of an electri-
cal circuit, but it may also be due to the success of the Unit
Hydrograph and transfer function approaches to model-
ling. Unfortunately these approaches mask the physics of
catchment processes, and consequently more comprehen-
sive, although not necessarily more successful, physics-
based distributed models have been developed.
Distributed models provide a physical framework within
which to investigate the impact of, and the sensitivity to,
changes in data inputs and catchment characteristics.
Unfortunately these impacts are complex, and depend very
much upon the ways in which physical processes are rep-
resented, much as the performance of atmospheric models
depends upon the parameterisations they employ. As men-
tioned in the previous section there is some disquiet about
the ability of current approaches used to formulate such
models.

The present work is an attempt to develop an approach
to understanding catchment dynamics which would be
easy to use quantitatively, verifiable and yet retain the
essential physics of catchment processes. A simple analyt-
ical model based upon the concept of a inductance-capac-
itance-resistance alternating current electrical circuit has
been developed. However, this has involved making some
intuitive assumptions, the validity of which will be con-
sidered further. The aim is not to provide an operational
flow forecasting model, but rather to provide a framework
within which to investigate the impact of changes in model
parameters and input data. This approach is somewhat
similar to that adopted by Milly and Eagleson (1988),
although the analogy and formulation are quite different.

An electrical circuit analogy
catchment model
Hydrological models have been regarded for many years as

low-pass filters in that the fluctuations in the river hydro-
graph are smaller than the temporal fluctuations in the
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rainfall input. A resistance (R)—inductance (L) electrical

* circuit is a low-pass filter when an ac voltage is applied in

series with the resistance and inductance. A resistance-
capacitance (C) circuit is a high-pass filter when the out-
put voltage is measured across the resistance as for the
resistance-inductance circuit.

In ac circuits the reactance of capacitors and inductors
can be treated much like the resistance of resistors. Hence
1/®wC, the capacitance reactance, and ®L, the inductive
reactance, where  is the frequency of the ac voltage, both
determine the magnitude of the current flowing through
the circuit.

By analogy, we may regard the current as the river flow;
the ac voltage as being related to the rainfall volume; resis-
tance as relating the time it takes for water to pass through
the vegetation and along the surface taken as a function of
the soil moisture deficit, surface roughness and the soil and
the hillslope velocity; capacitance as the water storage and
release as evapotranspiration represented by the aerody-
namic resistance of the vegetation canopy; and the induc-
tance, a measure of the electric motive force (emf) induced
in the circuit as the current changes dependent upon the
circuit geometry, as the ratio of the cross-sectional area of
the river divided by the velocity of travel down the catch-
ment of the peak flow after rain. Figure 1 shows the
processes and the schematic circuit associated with a river
basin.

percolation LA TN

~)ac AN
storm area rain N
o o,
vegetation S
dry Soil ) W
N
saturateclit o water *
s .
table “\
A
A}
o ot ) M
P N 2 water
o, v ¥
water table i\ N o “EON raatﬁ?xed
o to
atmosphere
from
sea
L —

river

Fig. 1. Schematic representation of river basin processes as an elec-
trical circuit.

Analytical evaluation of river flow
FORMULATION

To investigate the impact of changes in frequency of rain-
fall input, we may use Kirchhoff’s emf Law (see for exam-
ple Reitz and Milford, 1962):

¢ al
v(f)=R+—=+L— 1
®) cti M
where v is the input voltage (rainfall volume rate time
series):
I is the current (river flow);
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C, R and L are as before;

¢ is the rate of charge of the capacitor taken as the time
taken to evaporate the amount of water intercepted by sur-
face vegetation during rainfall.

We may reformulate (1) using dimensional considera-
tions,

_ c| A dgt) 1
r(t) = [R+ C]‘T, + L. X 2)
where
A = cross-sectional area of the river at the bottom of
basin
X = mean distance to the nearest water course

r,(t) = rate of rainfall multiplied by the stream area i.e.
the rain volume falling on the average catchment
area of each individual stream. In what follows we
will test the model on the River Irwell basin in
North West England. For this river the individual
stream area catchment is 1 km?

4(t) = river flow (cumecs)

T, time of concentration of river

Equation (2) may be solved by assuming that the circuit is
suddenly connected to a constant emf, in our case 7(z).
The transient response of the circuit takes the form of an
exponentially decaying sine wave. Such a response is sim-
ilar to that reproduced by transfer function flow forecast-
ing models. However, rainfall events are generally not
suddenly switched on or off. They are more realistically
represented as providing a sinusoidal excitation which car-
ries on for a period of time. Hence, we will assume that r,
() takes the following form,

() = 7, Sin ©OF 3)

This is a reasonable assumption given the real rainfall time
series shown in Fig. 2. Hence substituting (3) in (2) and
rearranging the equation then,

L dq

E.E=rmsina)t—Ble )
where B=(R+¢/C)
E=A/T,

Integrating (4) with respect to #, assuming that @ is nor a
function of ¢ i.e. the application of a rainfall time series
having constant frequency gives

£.q=—-rﬂcoswt=Blet+K )]
X w
where K is a constant L ,
= = 1 K="¢g +2
when t = 0, ¢ = ¢;, the river baseflow and X 4 p
X k.
Therefore ¢ = er—a) (1 - cos wr) - T+q, 6)

Now @ = 2xn/ Ty where T is the period of the input rain-
fall time series, therefore,

g =2Xh {1 - cos[Zn‘ Tiﬂ _BEX L h O

27l : L

This is the basic equation of the REWARD (River
Electrical Water Analogue Research and Development)
model.

Parameter definition
We define the C, L and R values as follows:
C=r, 8)

where 7, is the vegetation aerodynamic resistance as dis-
cussed by Shuttleworth and Gurney (1990) and others. A
typical value for an upland grassed area such as the West
Pennine Moors of the upper Irwell basin in North West
England (see later) is 10?2 s m™!.

_ cross - sectional area of river
velocity of travel flood peak

€))

Taking the River Irwell in North West England as an
example and considering a lumped approach, the cross-
sectional area of the river is taken at the bottom of the
catchment (Adelphi Weir, Salford) as about 100 m2, The
velocity of travel of the flood peak is taken as approxi-
mately the length of the lower part of the river (20 km)
divided by the time of concentration of this part of the
river (around 6 hours), namely 1 m s-1. Hence L is 10? ms.

The resistance (R) is taken as the characteristic length
scale over which a downward pressure force acts. When
the ground is saturated rain travels through the vegetation
canopy and then moves horizontally along the ground sur-
face. However, when evaporation has dried out the upper
layers of the soil rainwater must move downwards through
the soil to the water table, the height of which it then
modifies.

Both the definition of R and ¢ require more detailed
consideration. We relate R to the infiltration of water
through the Earth’s surface and ¢ to the evaporation of
water from the surface. The infiltration process is compli-
cated involving micropores and macropores (see for exam-
ple Bevan and Germann, 1982, Bronstert and Plate, 1997).
The treatment below represents a very simplified view. We
deal first with ¢.

The interception of rainfall by vegetation and its subse-
quent evaporation or drainage through the canopy has
been extensively studied (see for example Calder, 1990).
The transport of water vapour between the surface and the
atmosphere may be estimated using eddy diffusion theory.
Hence the flux of water vapour, F,, is given by

F, =-pK, %gm‘zs“ (10)
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