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Abstract

A transient, mixed analytical-numerical model of hillslope hydrological behaviour is used to study the patterns of infiltration,
evapotranspiration, recharge and lateral flow across hillslopes. Computational efficiency is achieved by treating infiltration and
phreatic surface movement analytically. The influence of dynamic coupling of the saturated and unsaturated zones on the divi-
sion of hillslopes into units of distinct hydrological behaviour is analyzed. The results indicate the importance of downhill
groundwater flow on the lateral distribution of soil moisture and hydrological fluxes; unsaturated lateral flow is shown to be of
relatively minor importance. For most conditions, the hillslope organizes itself into three distinct regions; an uphill recharge and
a downhill discharge zone separated by a midline zone over which there is, on average, no recharge or discharge. A temporal
perturbation analysis of the phreatic surface, made to quantify the deviations between the equivalent-steady water table derived
by Salvucci and Entekhabi (1995) and the long-term mean water table, shows that the equivalent-steady water table effectively
couples the unsaturated and saturated zone dynamics across storm and interstorm periods and divides the hillslope into distinct
hydrological regions. The second order closure terms in the perturbation analysis, expressed as the gradient of water table vari-

ance, quantify the deviations and tend to make the hydrological zones relatively less distinct.

Introduction

Spatial heterogeneity of the soil water states and fluxes
along the land surface may be caused by: 1) spatial varia-
tion of the soil and vegetation characteristics, 2) spatial
variation of the atmospheric boundary conditions such as
precipitation and potential evapotranspiration and 3) lat-
eral topographic redistribution of water. Peck ez al. (1977),
Milly and Eagleson (1987), Kim and Stricker (1996), and
others studied the impact of the first two sources of het-
erogeneity on the areally averaged water budget using
Monte Carlo simulations. Beven and Kirkby (1979),
Sivapalan et al. (1987), Salvucci and Entekhabi (1995),
Dawes ¢t al. (1997) and many others have studied the
mechanisms through which lateral redistribution along
hillslopes affects the partitioning of rainfall into surface
runoff, evapotranspiration and groundwater runoff. In
contrast to the statistical nature of soil and vegetation het-
erogeneity, lateral redistribution is due to topographic con-
trols and contributes to the spatial variability of
hydrological fluxes in a structured manner. Such deter-
ministic contribution to the total heterogeneity of soil
moisture and hydrological fluxes has significant implica-

tions for the upscaling and aggregation of hydrological
processes.

Freeze and Witherspoon (1968) recognized that the
shape of the phreatic surface and the conditions in the
unsaturated zone are mutually dependent. Infiltration and
evapotranspiration are related to the water table depth, and
the recharge of the groundwater depends on the partition-
ing of rainfall over infiltration and surface runoff and, in
return, of infiltration over evapotranspiration and deep
percolation.

Salvucci and Entekhabi (1995) analyzed the impact of
this mutual interdependence on the spatial structure of
hillslope hydrological processes by extending to two
dimensions the statistical-dynamical point water balance
model of Eagleson (1978a). They solve the groundwater
flow system on rectangular sloping domains subject to the
long-term average percolation from and capillary rise to
the unsaturated zone. The unsaturated zone model in
Salvucci and Entekhabi (1995) expresses these mean verti-
cal hydrological fluxes as a function of soil and climate
parameters as well as of the long-term position of the water
table. The resulting equivalent-steady state system solved
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by Salvucci and Entekhabi (1995) indicates the importance
of groundwater-surfacewater interaction in determining
the spatial structure of hydrological fluxes. For example,
downhill riparian zones that evaporate at the potential rate
much longer than uphill areas arise because of downslope
lateral groundwater flow that occurs under a midline
region of zero mean recharge, similar to the field observa-
tions of Toth (1966). This study considers a similar prob-
lem as Salvucci and Entekhabi (1995), except that here
there will be constructed and deployed a fully transient
saturated/unsaturated model of hillslope hydrological
behaviour. With this model the role of transients and lat-
eral unsaturated flow on the organization of recharge and
discharge zones will be examined. Furthermore the devia-
tions between the equivalent-steady and temporal-mean
water table will be quantified.

While inclusive models of coupled saturated/unsatu-
rated water flow exist in the literature (e.g. Freeze, 1971;
Paniconi and Wood, 1993), a mixed analytical-numerical
model is presented here. In this hybrid approach, the com-
putationally most intensive processes at the boundaries of
the domain (infiltration and movement of the phreatic sur-
face) are treated analytically. In a similar approach, Smith
and Hebbert (1983) used kinematic wave theory to
describe downward unsaturated flow in response to storm
events. However, since kinematic waves travel in one
direction only, their model does not account for upward
capillary flow from the ground water which may be
induced by interstorm evaporation periods.

Below, the unsaturated and saturated flow equations
that constitute the backbone of the model are presented as
well as the initial and boundary conditions. The numeri-
cal methods and the analytical treatment of the processes
that are computationally most demanding are outlined
afterwards. For a simple geometry hillslope, the model is
used to examine the dynamics of saturated and unsaturated
zones and to study the development of hydrological
regions with distinguishing characteristics.

Flow equations and their numerical
implementation

FLOW EQUATIONS

The simple hillslope (with slope angle ¢) shown in Fig. 1
consists of an unsaturated and a saturated domain, sepa-
rated by the phreatic surface. The soil surface and the
impermeable layer are the upper and lower boundaries of
the unsaturated and saturated zones respectively. The
coordinate system has an y-direction parallel to the imper-
meable layer and a z-direction normal to it. The origin is
taken at the most downhill location of the impermeable
layer. The soil depth is indicated by 2z, and may vary with
x. In the model, fluxes towards the origin are taken as
being positive, as illustrated in Fig. 1.
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Fig. 1. Schematic overview of the hillslope model domain and bound-
ary conditions. The inset shows the lower boundary in case of a chan-
nel. The symbols are outlined in the text.

UNSATURATED DOMAIN

The Darcy fluxes in the x and z direction for an isotropic
unsaturated medium take the form

= /e(e)( +sin ¢) 1)
e Ie(G)( + cos ¢J )

where £ is the hydraulic conductivity, @ is the volumetric
moisture content and Y is the soil matric head. Anisotropy
may be accounted for by distinguishing between k£, and k..
Combination of (1) and (2) with the mass conservation
equation yields the two dimensional Richards equation
which, after addition of a sink term U for water uptake by
plant roots, is written as
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The soil hydraulic characteristics &y) and k(6) are
described according to Van Genuchten (1980):
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where s is the saturation degree, ag, /, 71, are parameters,
ks is the saturated conductivity, and n2 = 1 — (1/a1).
Water uptake in the root zone of depth z; — 2, is mod-



Groundwater-surface water Interaction and the climatic spatial patterns of hillslope hydrologic response

elled as a function of potential evaporation (E,) and mois-
ture content as: ’

EP
wm={mm%% 5, <z<z )
0 0<z<z
where
1 0, <6<80,
B = %%{: 6,<6<80, 8)
0 0<6<86,

with 6, and 6, the critical and wilting point moisture con-
tents respectively (Feddes, 1978). Because the principal
state variable of the model is the volumetric moisture con-
tent, transpiration efficiency is expressed in terms of 6
rather than Y. The root density is assumed to be uniform
over the depth of the root zone, but other distributions
may be easily implemented. The total evapotranspiration
is obtained through integration of the water uptake U over
the depth of the rootzone.

SATURATED DOMAIN

When neglecting saturated flow in the z-direction (Dupuit
assumption), one-dimensional saturated lateral flow in the
x-direction, Q, is given by the Boussinesq equation

O, = khcos ¢(% + tan ¢] &)

where £ is the height of the phreatic surface above the
impermeable layer as depicted in Fig. 1. Irregularities of
the impermeable layer can be taken into account easily by
replacing % in Eqn. (9) with 2 — 2z, where z; indicates a
local deviation from the z = 0 level.

Applying the continuity principle, the time rate of
change of the phreatic surface is given by
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where S, stands for the specific yield, i.e. the empty pore
space available to water storage above the water table. In
the forthcoming section on the analytical treatment of the
phreatic surface, a solution to the problem of specifying
values for S}, is presented. Recharge 4, is given by the one-
dimensional Darcy flux that is dependent on the soil mois-
ture profile:
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From these governing equations, the saturated and
unsaturated zones are coupled through the recharge flux
(11) and continuity of the pressure profile (i.e. Y= £ at the
water table). Since the strongest flow-inducing gradients

are vertical in the unsaturated zone, lateral variations in
hydrological conditions are governed mainly by saturated
lateral flow (9) and the coupling in (11). Therefore, realis-
tic treatment of the spatial heterogeneity of hydrological
response in sloping areas requires the consideration of the
entire coupled saturated-unsaturated system represented
by the governing equations (1) through (11).

INITIAL AND BOUNDARY CONDITIONS

To solve the above equations, initial and boundary condi-
tions need to be specified. Unless the initial conditions are
known exactly, they are chosen arbitrarily and the model
is allowed to spin-up to ensure that their effect is dimin-
ished.

In the case of a rainfall event, the upper boundary con-
dition for the unsaturated domain switches from flux to
head controlled infiltration whenever the soil surface is sat-
urated and is no longer capable of absorbing all the rain
falling on it. From that time onwards, a water layer devel-
ops at the surface, running downhill (infiltration excess
runoff g;.). If the phreatic surface reaches the ground sur-
face, it acts as an impervious layer and all rain falling on
it is removed as saturation excess overland flow g;.
Mathematically, the infiltration rate i is given by

P(z) V(x,2,1) <0
i(x, 1) = @@g+am@L_ Wiz, H=0 (12)
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Note that (12) neglects the small positive pressure due to
ponding at the surface. To resolve the infiltration process
using a numerical solution of (12), high resolutions in
space and time would be necessary (of the order of mil-
limeters and seconds respectively). An analytical treatment
of infiltration has, therefore, been adopted which will be
discussed later.

The lower boundary condition for the unsaturated flow
domain, which makes up the upper boundary condition for
the saturated domain, is the atmospheric pressure at the
phreatic surface

w=0 2=k (13)

The last two boundary conditions for the unsaturated flow
domain are the no-flow conditions at the vertical uphill
(divide) and downhill (valley) boundaries
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As for the unsaturated zone, no saturated flow is allowed
at the divide and, because of hillslope symmetry, in the
valley:
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