Hydrology and Earth System Sciences, 3(4), 54/-548 (1999) © EGS

Hydrology & Earth
System Sciences

Rating curve estimation using local stages, upstream
discharge data and a simplified hydraulic model

Marco Franchini!, Paolo Lamberti! and Patrizia Di Giammarco?

1 Department of Engineering, Via Saragat 1, Ferrara University.

2 DISTART, Faculty of Engineering, Viale Risorgimento 2, Bologna University.

email address of corresponding author: mfranchini@ing.unife.it

Abstract

This article proposes a methodology for synthesising the rating curve in one or more cross-sections of a watercourse provided
with stage data, when a reliable rating curve and stage data are also available in the upstream cross-section; the synthesised rat-
ing curves are consistent with each other. The proposed methodology uses a variable parameter Muskingum-Cunge model whose
parameters take express account of travel times and attenuation of the flood wave, and are expressed in such a way that allows
for an integration in the time-space domain even when a topographic survey of the river is not available. Furthermore, the
methodology proposed implicitly provides a ready-calibrated simulation model whose ease of application suggests that it could
also be useful in real time stage forecasting. The paper includes a description of 2 numerical application to a reach of the Po

River (Italy).

Introduction

Knowledge of the rating curve in one or more Cross-
sections of a watercourse is essential to make hydrological
balances or to calibrate both flood propagation models or
rainfall-runoff models. However, estimation of the rating
curve presupposes a complex and extensive measuring sur-
vey in which the chief difficulty lies in the discharge mea-
surements which, irrespective of the technique adopted,
must be repeated frequently. In fact, the rating curve may
vary over time as a result of changes which occur, for
example, because of seasonal changes in vegetation, the
passage of significant flood waves, or human intervention;
the updating of the rating curve also carries a high cost in
terms of the measurements themselves and the mainte-
nance of the service.

Discharge measurements are usually carried out in low
and medium flow conditions since they may prove dan-
gerous and/or impossible during flood events; accordingly,
the extension of the rating curve to the highest discharge
values is usually performed either by extrapolation (by fit-
ting a curve to the measuring points) or on the basis of a
series of uniform flow simulations. However, it would be
more appropriate to carry out this extension when, for
example, the rating curve is known in one cross-section
and the recorded level measurements in others, using a
gradually varied unsteady flow hydraulic model, based on

knowledge of the geometry of the river, in which rough-
ness is the only parameter that can be calibrated.
Unfortunately, the topographical survey is frequently
missing or out of date due to the high costs connected with
performing it.

This article presents a method which obviates the need
to know the geometry of the watercourse and allows the
rating curve to be estimated in one or more cross-sections
when, specifically, (a) the stages are provided by a water
level recorder (this is not rare nowadays, given the relative
ease with which instruments of this type can be installed
and operated) and (b) the rating curve is also available in
the upstream cross-section of the reach in question.

The proposed method uses a variable parameter
Muskingum-Cunge (VPMC) model (Cunge, 1969) parame-
terised in a slightly different way with respect to the stan-
dard formulation. This model, being hydraulic in nature,
allows for its parameters to be estimated on the basis of
physical considerations to take account of the space-time
dynamic of the propagation event, even in situations such
as that examined in this paper, in which a reliable survey of
the geometry of the watercourse is not available.

Definition of the problem

Let us take a river reach of length L for which the fol-
lowing statements hold true:

541



Marco Franchini, Paclo Lamberti and Patrizia Di Giammarco

(a) the flow is sub-critical;

(b) the geometry and roughness are not known;

(c) there are no concentrated tributaries or distributed
inflows;

(d) in several cross-sections, and particularly the outermost
sections, recorded stage values /(f), usually referring to
a local gauge zero, are available;

(¢) the reach under examination is not affected by
upstream/downstream conditions (weirs, sluices, etc.)
that might influence flow conditions;

(f) the flood wave propagation is of the quasi-kinematic
type;

(g) the upstream cross-section has a reliable rating curve
over the calibration period.

It is worth noting that point (€) ensures the existence
in each cross-section of a one to one relationship between
discharge and stages; furthermore, point (f) implies the
presence of a (very) narrow rating loop.

The purpose of this study is to identify the rating curve
in cross-sections equipped with water level recorders by
using a VPMC model whose parameters take express
account of travel times and attenuation of the flood wave.
The methodology proposed here is similar to that pre-
sented by Franchini and Lamberti (1994) whose sole pur-
pose, however, since it referred to a stretch without
reliable rating curves, was to create a hydraulic model for
the computation of the levels in the downstream cross-
section once the upstream section levels were known. It
differs, however, from the methodology proposed by
Birkhead and James (1998); indeed, whilst referring to a
problem similar to the one described above, they suggest
a methodology based on the kydrological formulation of the
Muskingum model which allows the indirect parameteri-
sation of the rating curve of given equation by imposing
compliance with the function of the volume enclosed
between the two outermost cross-sections of the sub-reach
considered, which is assumed to be prismatic.

A variable parameter Muskingum-
Cunge formulation
The Muskingum model in its standard hydrological for-

mulation referring to a stretch without lateral inflow, is
frequently written:

. Qs =CGlip +GL, + GO, 4))
with :
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where I is the upstream discharge, O is the downstream
discharge, K and X are the Muskingum model parameters,
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and At is the simulation time step. Equation (2b) ensures
the conservation of mass.

Referring to the time-space computational grid in the
x—t plane, the Muskingum routing equation can be writ-
ten for the discharge at position x = ( + 1)Ax and the time
t= (5 + DAt as:

[QV: = GIQY" + GIQY + G[QY., 3

where C;, C; and C3 are as defined in Eqn. (2a).

Cunge (1969) showed that Eqn. (3) is an approximate
solution to the continuous kinematic wave when K and X
are taken as constant. He further demonstrated that Eqn.
(3) can be considered also an approximate solution of a
modified diffusion equation when:

Ax 1 0
K=— X=2|1-—"5— 4
[ 2( BC&SDM] ()

where B is the width of the water surface, ¢, = dQ/dA the
kinematic celerity, A4 the wetted area, S, is the slope of the
water profile.

The Muskingum-Cunge formulation (i.e. Egns. (3),
(2a) and (4)), allows for the updating of the parameters K
and X for each time-space computational step and for this
reason will be referred to as the Variable Parameter
Muskingum-Cunge (VPMC), as already mentioned.

As demonstrated in NERC (1975), this model tends to
show less wave attenuation than any direct numerical
approximation of the continuous kinematic wave. In other
words, the VPMC may be considered appropriate also for
describing the flood waves characterised by narrow rating
loops, such as those considered in the present study.
However, in the present study, a modified formulation of
the three coefficients C;, C; and Cj is preferred:

C=—1+ti+r2_ =1+1i—r2_ =1—r1+r2.
' l+6+n "’ 2 l+6+n’ 3 1+4+n’
At Ao 9
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This formulation intends to highlight the parameters ¢
(kinematic celerity) and A, (characteristic length) (Miller
and Cunge, 1975) which have a well-defined physical
meaning and are strictly related to the hydraulic condition
of the flow. In particular, A, may be interpreted as the
length of the stream reach where the water level drops by
' of the uniform flow depth y; in fact (see Fig. 1):

Q9 % Jo
Ay =ASy =4S, =2 =4 N
y =4S = AoS, 28 B3 ©

where V is the mean water velocity and S, the bottom
slope.

For the sake of numerical stability, the three coefficients
C;, Cy, C; must be less than one in absolute value.
Furthermore, to prevent numerical oscillations and thus
avoid the classic ‘Muskingum effect’ (increase in discharge
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Fig. 1. Geometrical representation of the meaning of A, in a pris-
matic channel in uniform flow conditions. S,: slope of bottom
matching the water profile slope Sy

upstream which translates into a decrease in the discharge
downstream), the time step A¢ and the corresponding
space step Ax must be selected in relation to the values of
the parameters c; and A, so that the three ratios are greater
than zero. In addition, in order to avoid excessive ‘numer-
ical diffusion’ the ratio r; must be close to one. Thus, the
following constraints must be respected:

(cedt — Ax) < 220 (a); (et + Ax) > 220 (B);
% =, At/ Ax = 1(¢) @)

Lastly, with regard to the parameters ¢; and A,, these
can be estimated as a function of the flow discharge calcu-
lated at the point (7,7) on the computational grid (explicit
method).

Rating curve estimation
methodology

In this section, it should be borne in mind that in quasi-
kinematic conditions the discharge, Q, flowing in unsteady
conditions is almost equal to that flowing in steady condi-
tions, water levels being equal; thus, in any cross-sections,
the discharges, Q, flowing in unsteady conditions can be
related directly to the water level through the rating curve.

For a single stretch delimited by two water level
recorders, it is assumed that: (a) the flood propagation can
be represented exactly by the VPMC model and (b) its
parameters ¢ and Ay, relating to the n Ax steps into which
the stretch is divided, and the rating curve Q(%) in the
downstream cross-section are known. Thus, for a given
flood wave in the upstream section, the discharges simu-
lated in the downstream section (Qy,) and the corre-
sponding stages observed (%,5;) would be arranged on the
above-mentioned rating curve.

If, on the other hand, the parameters ¢; and Ag and the
rating curve at the downstream section are not known, we
could proceed as follows: let the parameters ¢z and Ag be
expressed as a function of the discharge Q using laws valid
for the entire stretch; these relationships, referred to below
as ‘stretch-laws’, can be ‘parameterised’ so that the dis-
charge values O, at the downstream cross-section, com-

puted using the VPMC, are arranged on a one to one curve
in relation to the corresponding stages observed; by its
very nature, this curve constitutes an estimation of the rat-
ing curve in the downstream cross-séction.

The reasoning set out above can be repeated, proceed-
ing cascade-fashion from upstream to downstream, for any
number of stretches delimited by cross-sections provided
with recorders and can be used to parameterise both the
rating curves of these cross-sections and the stretch-laws.

THE STRETCH~LAWS GOVERNING CELERITY AND
CHARACTERISTIC LENGTH

The expressions for the stretch-laws adopted are as fol-
lows:
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where the subscript i denotes the sth stretch, and ¢ and
are the coefficient-vectors. Specifically, in Eqn. (8) o;; is
the celerity value in the sth stretch corresponding to a
small reference-discharge Q; value (/: left), and «;; is the
value for a high reference-discharge Q, value (r: right); the
coefficient ¢; 3 is the exponent in the power-law relation-
ship. Similar observations hold good for the three coeffi-
cients present in Eqn. (9). Q; and Q, are determined 4
priori on the basis of the knowledge, which may even be
approximate, of the range of the possible discharge values
affecting the stretch in question. Note that, for obvious
numerical reasons, Q; must always be less than the small-
est observed value of Q.

Numerical simulations, not shown here for reasons of
space, show clearly that Eqns. (8) and (9) accurately rep-
resent the two parameters ¢z and Ag for several flow con-
ditions in channels with regular cross-sections. This
representativeness diminishes as the geometrical irregular-
ities of the cross-sections increase, especially in the pres-
ence of sudden widenings such as those of the flood plains.
In spite of this limitation, the results which can be
achieved, as shown by the numerical example, are of good
quality.

As has been pointed out, in the application of the
VPMC model the generic stretch is discretised in seg-
ments of length Ax in accordance with the relation (7c) and
the Ar selected. The celerity and characteristic length of
the stretch, as described by Eqns. (8) and (9), are thus
updated in each integration time-space step according to
the current values of Q.

543






